We propose a method for a straightforward characterization of the temporal shape of femtosecond pulses in the extreme-ultraviolet/soft X-ray spectral region. The approach is based on the presence of a significant linear frequency chirp in the pulse. This allows to establish an homothetic relation between the pulse spectrum and its temporal profile. The theoretical approach is reminiscent of the one employed by Fraunhofer for describing far-field diffraction. As an application, we consider the case of a seeded free-electron laser (FEL). Theory is successfully benchmarked with numerical simulations and with experimental data collected on the FERMI@Elettra FEL. The proposed method provides FEL users with an on-line, shot-to-shot spectro-temporal diagnostic for time-resolved experiments.
New light sources generating extreme-ultraviolet/soft X-ray (XUV) femtosecond pulses are among the most powerful tools for investigating the fundamental properties of matter, in gas, liquid or solid-state phases [1] [2] [3] . In fact, short wavelength (i.e., high-energy) radiation allows to achieve atomic spatial resolutions and to probe core levels of atomic and molecular bound states. Short pulses are instead required for the study of ultra-fast chemical and physical reactions, allowing separate access to electron, spin and lattice relaxation constants. A large number of these studies rely on pump-probe techniques [4] , in which two light pulses with adjustable time delay and different wavelengths are used to investigate the dynamics of a given process. For the success of such experiments, a detailed knowledge and a complete control of the spectro-temporal properties of light pulses are essential. This should include the possibility for users to monitor and control the spectro-temporal features of XUV femtosecond pulses in real time (i.e., during experiments). Nowadays, measuring the spectrum of XUV pulses is not an issue, whereas getting access to the temporal information is a more challenging task. Indeed, several methods have been proposed to measure the phase and shape of femtosecond pulses in the infrared, visible and near ultraviolet spectral ranges [5, 6] . However, in the XUV domain, the strong absorption of solid-state crystals does not enable non-linear optical effects on which temporal characterizations usually rely, making them significantly more difficult. Usually, the duration of XUV pulses is determined by means of cross-correlation schemes, based on the photo-ionization of an atomic gas by the measured XUV pulse, "dressed"by a time-delayed femtosecond infrared laser [7] [8] [9] . Based on this and other approaches, several methods have been developed for the temporal characterization of ultra-short pulses generated by single-pass free-electron lasers (FEL) [10] [11] [12] and high harmonic generation (HHG) sources [13] [14] [15] [16] . However, up to now, the measurement of the temporal shape of femtosecond pulses in the XUV spectral range is not a trivial issue and requires a complex and normally dedicated experiment.
In this Letter we present a method allowing a fast on-line characterization of the temporal shape of XUV femtosecond pulses, generated by a single-pass FEL. In the considered configuration, the FEL is seeded by a laser pulse, carrying a controllable frequency chirp. The method goes as follows. We first demonstrate that, under specific constraints, the presence of a significant linear frequency chirp in an optical pulse allows to establish a direct homothetic relation between its spectral and temporal profiles. Then, we study the case of a seeded FEL and we demonstrate that, under the specified conditions, the duration and the temporal shape of the FEL pulse can be simply retrieved on-line by a measurement of its spectrum. The conditions of validity of the proposed technique are determined by means of a rigorous analytical method, reminiscent of the one employed by Fraunhofer to define the diffraction pattern of a monochromatic wave in paraxial far-field approximation [17] . The analytical result is validated first by means of numerical simulations and then by a direct comparison with experimental data collected on the FERMI@Elettra FEL [18] .
In order to illustrate the method, we start by considering a pulse characterized by the electromagnetic field
iω0t , where g(t) is a generic complex amplitude, γt 2 is a known (controllable) quadratic phase term and ω 0 is the pulse central frequency. The quadratic term induces a temporal dispersion of the pulse spectral component, according to the following relation:
Here ω ins (t) represents the instantaneous angular frequency along the pulse at a given temporal position t. Such a frequency is the result of the interference of multiple spectral components. The number of spectral components contributing to ω ins (t) is large for small temporal dispersion (i.e., small γ) and decreases for increasing temporal dispersion (i.e., large γ). For sufficiently large γ values, one can approximately associate a single spectral component to each temporal position in the pulse. When this occurs, the temporal form of the pulse becomes similar to its spectral shape.
In order to provide a quantitative description of this phenomenon, we exploit a parallelism between the problem in hand and the well-known problem of spatial-frequency dispersion in diffraction. For our demonstration, we will make use of hypotheses similar to the ones employed by Fraunhofer for describing the far-field diffraction [17] . The pulse spectrum is given by:
where
describes the Fourier transform of the function f (t), from the temporal variable t to the frequency variable ω [33] . Using Fourier formalism [17] , we can write X(ω) as a convolution product:
where G(ω) represents the Fourier transform of the complex amplitude F ω {g(t)} and e −i ω 2 4γ is the Fourier transform of the quadratic phase term e iγt 2 . At this step, an analogy can be drawn between the spectrum X(ω) and the one-dimensional diffraction pattern originated from a "transversal field distribution"G(ω). In the previous relation, the convolution with the exponential term e gives rise to a phenomenon similar to the longitudinal space propagation of a diffracted transverse field distribution. In paraxial approximation, such a propagation generates a linear dispersion of the spatial-frequencies components. In our case, this corresponds to the linear frequency dispersion in the pulse, caused by the quadratic phase term γt 2 . After the development of the convolution product, X(ω) can be written as an inverse Fourier transform, F −1 , in the variable ω 2γ :
Let us focus on the exponential term e −i ω ′2
4γ . In farfield diffraction, according to Fraunhofer, this phase term varies slowly in the Fourier integration domain where the square integral function G(ω) is different from zero. This condition is equivalent to:
where σ G represents the standard deviation of the function G(ω) and N is the Fresnel number [17] . When the condition Eq. (5) is fulfilled, one can reasonably approximate the exponential term with unity. As a result, Fraunhofer diffraction pattern provides a direct representation of the Fourier transform of the initial field distribution. In our case, since G(ω) is the Fourier transform of the complex amplitude g(t), we finally get:
We thus obtain the following noticeable result: under the "far-field"condition Eq. (5), the spectrum of a linearly chirped optical pulse provides a direct representation of its temporal shape, through the variable transformation t = ω 2γ . A schematic representation of the proposed spectro-temporal equivalence is given in Fig. 1 . Let us now apply the previous method to determine the temporal profile of light pulses generated by a single-pass seeded FEL working in the coherent harmonic generation regime [19, 20] . In a seeded FEL (see Fig. 2 ), a relativistic electron beam propagating trough an undulator (called modulator) interacts with a collinear externally-injected optical pulse (the seed). The interaction modulates the electron-beam energy. Energy modulation is then transformed into spatial bunching, when the electron beam propagates through a magnetic chicane (dispersive section). The bunching (as the energy modulation) has a periodicity determined by the seed frequency ω 0 . In addition, it also presents significant components at the harmonics of the latter, i.e., at nω 0 (where n is an integer). Finally, the bunched electron beam is injected into a long undulator chain (called a radiator), where it emits coherently at one of the seed harmonics. In the radiator, the electromagnetic intensity generated by the bunched electrons is amplified, until when, due to bunching deterioration, electrons are no longer able to supply energy to the wave and the process reaches saturation. The seed is normally a Gaussian quasi-monochromatic pulse (e.g., at low-order harmonic of a Ti:Sa laser), with temporal width σ Seed . By propagating the seed through a stretcher (prior to injection into the modulator), one can induce and control a linear frequency chirp, defined by the coefficient Γ i in the following relation. The resulting optical pulse reads:
iω0t .
In this case, the periodic modulation of the bunching is determined by the instantaneous frequency ω ins (t) of the seed laser, according to Eq. (1). In turn, the FEL emission at the harmonic n will be chirped at the instantaneous frequency nω ins (t). As a result, the quadratic phase of the seed laser (multiplied by the harmonic order n) is "transferred"to the FEL pulse [21] [22] [23] . The latter can therefore be written as
where g(t) represents the FEL complex amplitude. This expression is analogous to the one considered previously to represent a generic linearly chirped pulse; here γ = nΓ i . The complex amplitude g(t) contains a distorted phase, adding to the controlled term nΓ i t 2 . Most critical distortions of phase are mainly due to the presence of a nonlinear curvature in the electron-beam energy profile and may take place during the bunching construction and/or as a result of the amplification process in the radiator [21, 24] . Additional (less critical) possible sources of distortion are the presence of high-order non-linear terms in the phase of the seed and the intrinsic FEL phase [25, 26] . Another important distortion of the complex amplitude can appears if the FEL is run in over-saturated regime related to the bunching destruction. Distortions may in principle increase the initial spectrum width σ G and, therefore, spoil the "far-field"condition (Eq. (9)). However, as it will be clear in the following, it is reasonable to assume that, under the conditions of good seed quality, smooth electron-beam energy distribution, slightly saturated FEL regime and large Γ i , this effect can be neglected. The possibility of controlling Γ i allows to perform a complete on-line characterization of the FEL pulse. In slightly saturated regime, one can assume the FEL pulse to have a Gaussian profile with duration n −1 3 σ Seed [21, 23] . In this case, if we neglect the distorted phase of the complex amplitude, the width of G(ω) is given by
, and we can re-write relation (5) only in terms of the seed laser properties:
This relation offers a criterion to ensure the validity of the proposed approach in function of the seed parameters as well as of the harmonic n of the FEL emission.
In order to check our results, we performed a campaign of numerical simulations using, as a reference, the case of the FERMI@Elettra FEL [18] . In this case, the seed signal, provided by the third harmonic of a Ti:sapphire laser [27] , is centered at 261 nm, it has a Gaussian shape and a bandwidth of about 0.9 nm (FWHM). By modulating the seed spectral phase, one can decide the value of Γ i and the correspondent pulse duration, σ Seed . Figure 3 reports the spectral and temporal FEL output pulses, obtained using the numerical one-dimensional code PERSEO [28] [34] , at the harmonic order n = 8, for different operation regimes. For the case of Fig. 3(a) the seed power and the strength of the dispersive section have been tuned so as to reach saturation at the end of the radiator chain. This is the standard configuration in which a seeded FEL is normally operated. For the case of FERMI@Elettra, the standard seed laser parameters (σ Seed = 122 fs, Γ i = 5.1 10 −5 fs −2 ) correspond, according to Eq. (9) , to N = 0.16. As it can be seen, our prediction (Eq. (6)) is fully confirmed: the spectral (continuous) and temporal (dashed) profiles are very similar. Note that the induced quadratic phase (dotted curve) dominates the phase distortion (dash-dot line). Simulations confirm that the agreement becomes worse for increasing values of the parameter N (data not shown).
As it was mentioned, non-linearities in the electronbeam energy profile may spoil the validity of the "far-field"approach. However, as shown in Fig. 3(b) , for a reasonable (i.e., close-to-experiment [29]) electronbeam energy distribution, and using the already specified seed parameters, the agreement between the theoretical prediction and simulations is still very satisfactory. Figure 3(c) shows the application of the proposed approach to the case in which the FEL pulse is split into two slightly saturated sub-pulses, as described in [30] . Such a configuration has already been exploited at FERMI@Elettra for performing pump-probe experiments [31] . Remarkably, also in this case our prediction is able to reproduce the simulated pulse profile. Finally, Figure 3(d) shows the effect of the envelope and the phase distortion induced by running the FEL in over-saturation regime. In this case, the value of the quadratic phase term is not large enough to make condition Eq. (5) valid, therefore the spectral profile does not reproduce the simulated temporal profile.
Finally, we tested our approach by comparing theoretical results with spectral data from the FERMI@Elettra FEL source. The spectra were acquired by an on-line photon energy spectrometer [32] , which uses the firstorder of diffraction of a variable-line spacing grating allowing the beam focusing on a CCD detector. The main part of the beam (the zero order) goes unperturbed to the experimental station (see Fig. 2 ). Figures 4(a) and 4(c) display the temporal shape (bottom horizontal axis) retrieved from the measured spectra (top horizontal axis), using the homothetic relation Eq. (6). For the considered case, the FEL was operated at 32 nm (n = 8); as in the case of the simulation shown in Fig. 3 , the seed pulse had a measured (rms) pulse duration of 122 fs and an intrinsic chirp Γ i = 5.1 10 −5 fs −2 (i.e., N = 0.16). The measured value of the electronbeam energy curvature was 5 MeV/ps 2 (i.e., the same value used for the simulation shown in Fig. 3(b) ). It is worth noting that FERMI@Elettra has been operated under similar conditions also during user experiments. Figure 4 (a) shows a pulse with quasi-Gaussian shape of 102 fs duration (FWHM), while Fig. 4 (c) refers to a case in which the FEL is operated in pulse-splitting regime. In order to corroborate our prediction, we compared the measured spectrum with the reconstructed one, X REC (ω), defined as:
Here X (2nΓ i t) is the retrieved complex amplitude, in which we suppose the hypothesis of negligible phase distortions. Obtained results, reported in Fig. 4 (b) and 4(d), show a very satisfactory agreement. The reconstructed spectrum provides a validation on the retrieved pulse shape as well as on the absence of significant distortions and/or perturbations generated by any other noise source.
In this letter, we established the possibility to deter-mine directly the temporal profile of a frequency-chirped pulse from the measurement of its spectrum. This approach can be interested for any innovative light sources like the seeded FEL, as demonstrated here, or for example the so-called high harmonics generation (HHG). Light pulses produced by sources base on the harmonics generation of a driving laser carry generally an important frequency-chirp, even for a low chirp on the driving laser. Our approach exploits this intrinsic property, which may allows a non-invasive, shot-to-shot and real-time characterization of femtosecond XUV optical pulses.
